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Abstract In this paper, we investigate the dynamics
of the inverted pendulum with delayed feedback con-
trol. The existence and stability of multiple equilibria
depending on the control strengths are studied. Tak-
ing the time delay of the control terms as a parameter,
periodic oscillations induced by delay are found. By
using the method of multiple scales, the effect of the
control gains and the relative mass of the pendulum
on the stability and direction of Hopf bifurcations are
discussed. Numerical simulations are employed to il-
lustrate the obtained theoretical results.

Keywords Inverted pendulum - Discrete delay -
Method of multiple scales - Hopf bifurcation

1 Introduction

In the field of control theory, research on the inverted
pendulum have implications for a great many typical
problems such as nonlinearity, robustness, and stabi-
lization. Many control systems have been designed for
stabilizing and controlling the amplitude of a single
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inverted pendulum that is either fixed to the ground or
on a cart that moves on a rail. The study of the single
inverted pendulum originated from the rocket booster,
then stimulated by the biped robot there are extensive
discussions on the multiple inverted pendulums. The
research methods and technologies arising from the
model of the inverted pendulum(s) attribute to the ap-
plications to both biological and mechanical balancing
tasks, such as how to avoid falling in the elderly while
walking, vertical launch of a rocket, control the mo-
tion of the robot, and space docking. Also, by means
of the rich properties the inverted pendulum provides,
the model plays an important role in detecting abilities
of new control methods on dealing with nonlinearity
and instability. The control process aims at better per-
formance of stabilizing the inverted pendulum at the
balancing position without exaggerated robustness and
oscillation. See [1-7] for the dynamical research of the
inverted pendulum and its applications.

Typically, when the friction between the cart and
the track together with the friction between the pendu-
lum and the pivot are neglected, the dynamics of the
inverted pendulum fixed through a pivot on a cart that
moves on a rail are governed by the following equa-
tions [8] using Hamilton’s principle (see Fig. 1):

(m + M)E(t) + m56(t) cos0(t) —m56% (1) sin6(¢)
=F(),
m&x(t) cos0(t) + 3m(5)%0(t) — mg& sin6 (1) = 0.

See Table 1 for the physical meaning of the parame-
ters.
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Fig.1 The corresponding model of the inverted pendulum on a
cart

Table 1 Parameters for the neglected friction model

Parameters Description

m Mass of the pendulum

M Mass of the cart

x(t) Displacement of the center of mass of the cart
14 Length of the pendulum

F() Horizontal control force applied to the cart
o(t) Rotation angle of the pendulum away from the

top vertical position (6(¢) € [0, 27])

Generally, the control action will take effect only
after some fixed time and the linear control force de-
pending on the rotation angle 6 and its velocity 6 are
often used in the literature [9, 10] as follows:

Ft)=ab(t — 1)+ bO(t — 1),

where a, b > 0 are the control gains. Eliminating X ()
and then rescaling F' and the time t by (M + m)g and
/3g/2¢, respectively, we have the following second-
order differential equation for the rotation angular:

(1 - %Tp cosze(t)>é'(r) + %péz(t) sin(20(1))

—sinf(t) + (a@(t —17)+ bé(t — r)) cosf(t) =0,
(1)

where p =
dulum.
The existence of time delay makes the system be-
come an infinite dimensional dynamics, which leads
to more abundant dynamics, but substantially compli-
cates the theoretical analysis. The dynamics of the in-
verted pendulum with delayed feedback control have

(m_’f—M) < 1 is the relative mass of the pen-
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been studied by several authors. A mechanical model
of a digital balancing system is constructed and its sta-
bility analysis is presented considering experimental
problems like backlash and sampling delay in [12],
and also the existence and stability of periodic solu-
tions are checked analytically in [13]. Stépdn and Kol-
lar [14] construct the stability chart in the space of
the control parameters and the analytical results are
correlated with the experimental observations. Atay
[15] presents sharp results on how to choose the feed-
back parameters of the inverted pendulum with posi-
tion feedback to obtain asymptotic stability. Landry
et al. [16] consider an inverted pendulum attached to
a cart with the delayed control force, which not only
depends on the voltage in the motor driving the cart
and the resistance, but also counters the electromotive
force. They show that for values of the delay below a
critical delay, the system remains stable and the sys-
tem undergoes a supercritical Hopf bifurcation at the
critical delay. In [8, 17, 18], there are three kinds of
friction taken into consideration: simple viscous fric-
tion and two stick slip frictions. Cabrera and Milton
[19] present some experimental observations repro-
duced by a model of an inverted pendulum with time
delayed feedback. Especially, we would like to men-
tion the works of Sieber and Krauskopf [9, 10, 20],
which are most directly related to our work. In [9],
the linear stability of system (1) at the origin has been
analyzed. Also, Sieber and Krauskopf show there is a
codimension-three bifurcation point in (1), and then by
computing and analyzing a reduced three-dimensional
center manifold they find the stable small-amplitude
solutions outside the region of the linear stability of
the pendulum. In [10], Sieber and Krauskopf show that
system (1) may exhibit small chaotic motion about
the upside-down position and find the complex mo-
tion near the triple-zero eigenvalue singularity. In ad-
dition, we would like to mention that in the absence
of feedback control, the stabilization of inverted pen-
dulum can be achieved by using the high-frequency
excitation. This is also a famous problem and has been
extensively studied in the field of mechanics and ap-
plied mathematics. We refer the interested readers to a
detailed review due to Ibrahim [11] for more informa-
tion.

The ultimate goal of controlling the cart-pendulum
system is to turn the unstable system into a stable one
through the proper ways of control. Once the model
has been set up, we can find the balancing position by
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adjusting the values of parameters. As we all know,
without any control, the pendulum can stay stable in
the downright position while unstable in the upright
position. Here, we focus on when and where the pen-
dulum can stay balancing or generate low amplitude
oscillation with the horizontal linear feedback con-
trol, which can be explored through the linear stability
analysis and Hopf bifurcation analysis. Once the equi-
libria found, the aim to stabilize the pendulum in the
equilibrium position can be achieved by modulating
the values of the parameters and the time delay. The
low amplitude oscillation corresponds to the periodic
solution bifurcating from the equilibria. Except for the
zero solution, the cart-pendulum system exists multi-
ple nonzero equilibria depending on the value of the
control gain a in system (1). The main purpose of this
paper is to investigate the stability of nonzero equi-
libria and figure out how the direction and stability of
Hopf bifurcations induced by delay depend on the rel-
ative mass and the control gains.

This paper is organized as follows. Starting from
the linear stability analysis of the inverted pendulum
on a cart with delayed linear control, the stability and
local Hopf bifurcation induced by the time delay are
addressed in Sect. 2. Then in Sect. 3, using the method
of multiple scales, the direction of the Hopf bifurca-
tion and the stability of the periodic solutions are de-
termined. Some numerical simulations are performed
to illustrate the results of the analysis in Sect. 4. Fi-
nally, conclusions are drawn in Sect. 5.

2 Stability and Hopf bifurcation induced by delay

Setting x1(t) = 6(¢) and x3(t) = é(t), Eq. (1) can be
written as the following vector form:

xX1(1) = x2(1),
—(3/8)psin(2x; (t))x% (t)+sinxy (1)
1—(3/4)p cos? x| (1) @)

_cosxy()(axi(t—=1)+bxp(t—1))
1—(3/4)pcoszx|(t) :

X(t) =

The equilibrium (X1, x2) of (2) is determined by
tanX; = ax; and % = 0. It is easy to verify that
when a > 1, the origin E((0, 0) is an equilibrium to-
gether with other two nonzero equilibria E{(x1, 0)
and E;(X12,0); when a < 1, there are two equilibria
Ep(0,0) and _E3(x33,0). Here, 11, X2, .and X3 are

roots of the equation tan X; = ax; in the range [0, 27 ]
and satisfy

O<X1<m/2<m<X3<X1p2<3m/2. 3)

Linearization of system (2) about the equilibrium
(X1, xp) gives

(x'l(t))_<0 1><x1(t))
@)\ 0) \xn@)

0 0 x1(t—1)
B <r2a r2b> (xz(t — ‘L')) ’ @

cos £1(1 + tan® %)
T 1= (3/4)pcos2i;’
_ COS X1
11— (3/4)pcos?xy’

where

ri

n
It follows from (3) that
ri2 >0 for Eg, Eq, rip <0 for Ez, E3. (5)

The characteristic equation of system (4) at the
equilibrium (X1, X) is given by

A(T) =22 =i +ra(bh+a)e T =0. (6)

Notice whether Eq. (6) has the imaginary roots with
zero real part is closely related to the stability and
bifurcation of the equilibria. If we assume that i®
(w > 0) is a root of Eq. (6), then

—w?—r + r(biw + a)(coswt —isinwt) =0,

which is equivalent to

—r —w? 4 ry(bwsinwt + acoswt) =0,
. @)
bwcoswt —asinwt =0.
From (7), we have
ot + (Zr] - r22b2)w2 + (rl2 — a2r22) =0. ®)
Set
(362 —2r0) £ \[4a273 + brd — dru3b?
0t = ,
2
)]
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ry,ra >0,
n 1,2

e { i{arctan(f—ta)_k) +2jm},
=

w]—+{rr ~|—arctan(§w+)+2jn}, r,ry <0,
j=0.1,2,..., (10)
and

1 b
‘Ci_ = —{arctan (—w_>+2j71}, j=0,1,2,....
K a

w_
)

We first investigate the stability of Hopf bifurcation
induced by delay at the zero equilibrium Ej. For the
zero equilibrium Eg, we have r; =, = ﬁ > 0. In
this case, (8) becomes

o + k(2 —kb*)o? +k*(1 —a*) =0. (12)
with k = ﬁ. By a simple calculation, one can show

that when 0 <a < 1 and b < \/2(1 +1—a?)/k,
Eq. (12) has no purely imaginary roots; when either
a>landb>0,ora=1landb > /2/k,or0<a <1

and b = \/2(1 ++/1—a?)/k, Eq. (12) has a pair of

purely imaginary roots +iw4 at ‘(;_; when 0 <a < 1

and b > \/2(1 ++/1—a?)/k, Eq. (12) has a pair of
purely imaginary roots *iw, (resp. £iw_) at T;r

(resp. T j_). Denote by

)»(‘L'.i) = u(rji) + ia)(rli),

; 5, j=0.12...,

the root of Eq. (6) satisfying

,u(rji) =0, a)(rji) = w4.

From (6) and (7), the derivatives of A with respect to ©
att ; are

AN L b T
dr T k(br+a)  Abr+a) A

and

(7))

Notice the fact that the product of the real parts of (%)
and (Z—);)_1 is positive. Then, by (13), we have the fol-
lowing transversality conditions:

- N V4a? + b2 — 4kb?
=t k(@ +bwl)

13)

iRek(t;) <0.

iRe)\.(T}F) >0, =

dt
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To study the stability of the equilibrium Ej, it is im-
portant to determine whether 10+ <1, ornot. Accord-
ing to the proof in Appendix A, we have IO+ <1, for
the equilibrium Ej.

Clearly, the zero equilibrium Ej has at least a zero
eigenvalue at a = 1. In addition, notice that when
7 =0, two roots of Eq. (6) with | = r, = k have neg-
ative real parts if and only if @ > 1 and b > 0. There-
fore, according to the above discussions and Rouchés
theorem [21], we have the following results on the dis-
tribution of roots of Eq. (6).

Lemma 2.1 Assuming that ri = r, = k and w4 and
‘L';t are defined by (9), (10), and (11), respectively, then
for the zero equilibrium Eq, we have the following:

(i) When0 <a <1 andb > 0, Eq. (6) has at least a
root with positive real parts for any T > 0;

(ii) When a > 1 and b > 0, all roots of Eq. (6) have
negative real parts for t € [0, rg' ) and Eq. (6) has
at least a pair of roots with positive real parts for
7> r(;'r ;

(iii) When 0 <a <1 and b < \/2(1 +1—a?)/k,
Eq. (6) has no purely imaginary roots; when
a>1 and b>0, or 0 <a <1 and b =
\/2(1 + /1 —a?)/k, Eq. (6) has a pair of purely

imaginary roots *iwy at T1; when 0 <a <1

and b > \/2(1 + 1 —a?)/k, Eq. (6) has a pair

of purely imaginary roots Liwy (resp. Xiw_) at

t;“ (resp. rj_);

(iv) When a =1 and b > /2/k, Eq. (6) has a zero
root .. = 0 and has a pair of purely imaginary
roots *iwy at ‘L';_; when a =1 and b < /2/k,
Eq. (6) has a zero root A =0 and has no other
roots on the imaginary axis; when a = 1, b =
27k and t # /2]k, Eq. (6) has a double zero
root A = 0 and has no other roots on the imag-
inary axis; when a =1, b =t = 4/2/k, Eq. (6)
has a triple zero root . = 0 and has no other roots
on the imaginary axis.

From Lemma 2.1 and the results regarding the sta-
bility and bifurcation of the equilibrium of functional
differential equations in [22], we have the following
results on the stability of the zero equilibrium of sys-
tem (2).
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Theorem 2.2 Assuming that ri =r» =k and w+ and
‘L'j:-t are defined by (9), (10), and (11), respectively, then
we have the following:

(i) When 0 <a < 1 and b > 0, the zero equilibrium
of system (2) is unstable for any T > 0;

(ii)) When a > 1 and b > 0, the zero equilibrium of
system (2) is asymptotically stable for T € [0, I(;r )
and unstable for T > r(;" ;

(iii) When a > 1 and b >0, 0r 0 <a <1 and b =
\/2(1 + /1 —a?)/k, system (2) undergoes Hopf
bifurcations near the zero equilibrium at t;r;
when 0 <a <1 and b > \/2(1+\/1 —a?)/k,
system (2) undergoes Hopf bifurcations near the
zero equilibrium at T

(iv) When a =1 and b > /2]k, system (2) under-
goes Hopf bifurcations near the zero equilibrium
att;_; when a = 1, b = /2/k and © # J2/k,

system (2) has a double zero singularity; when

and then rl2 - azrz2 > 0 for all nonzero equilibria

E;,i =1,2,3. Since r; <0 for E; and E3 by (5), we
have

b2} —2r1 >0 and by —4rir3b? + 4a*r3 > 0.

So, for nonzero equilibria E;, i =2, 3, the characteris-
tic equation (6) always has a pair of purely imaginary

roots +iw4 (resp. Tiw_) at ‘L';_ (resp. rj_). Notice that

for the equilibrium Ey, r1 2 > 0 according to (5). Thus,

by (10) and (11), it is clear to show that IS' <71, for

E| using the same method as for Ey. However, for E3
and Ej3, by (10) and (11), we have

L1 b
Ty =—\7 + arctan| —w4 S
w4 a
_ 1 b
T, = —arctan| —w_ ).
w_ a

a=1,b=1t=./2/k,system (2) has a triple zero

singularity.

In the following, we analyze the stability and Hopf
bifurcations induced by delay for nonzero equilibria.
First, it follows from (3), (5), and (6) that when 7 = 0,
the nonzero equilibria E;,i = 1,2, 3, have at least one
root with positive real part.

By (3) and (5), we have

ry—ary =

( sin(2x1)
x 1= —
2)61

Fig. 2 The relation 5.8
between critical values of ‘_
rg' and 7, for the nonzero 56F %
equilibrium E> when .
1 <a <4.5. The dashed 5.4r . <t
*
line denotes ‘L’0+ =17, when 504 ‘."
b=1land p= %; The real ‘.,
line denotes tanx; = axy, 5 A .
where there is the <t BT
equilibrium E, when b = 1 4.8} ‘enmsmsssmsssEEEnnEn e vnrenen
—2
and p = 3 a6l
4'41 1.5 2 25 3 3.5 4 4.5

(1 — (3/4)pcos? 1) cos(X1)

for E; and E3,

Whether r(;r > 1, or not is determined by the val-
ues of control gains a, b and the relative mass of
the pendulum p. When some certain values are given,
r(;r > 1, is satisfied. In Fig. 2, for the nonzero equi-
librium E», it is clear that the region above the dashed
line denoting 7;” < 7, while the region below the
dashed line denoting 16" > 7, . The real line where the
nonzero equilibrium appears is just below the dashed
line. That is to say for all 1 <a < 4.5, TJ > 1, is
satisfied. In Fig. 3, for the nonzero equilibrium E3, it
is clear that the region in the internal of the dashed
line denoting r(f < 7, while the region in the exter-
nal of the dashed line denoting r(f > 1, . The real
line where the nonzero equilibrium appears is partly
in the external of the dashed line. That is to say for
0.019 <a < 0.097, r0+ <7, is satisfied.

@ Springer
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Fig. 3 The relation
between critical values of 4.5
‘EJ— and 7, for the nonzero
equilibrium E3 when

0 <a < 1. The dashed line I
denotes r(;r =1, when

b=1 andp:%;The real 35 a0,

line denotes tanx; = axy, AL
. (]
where there is the
equilibrium E3 when b =1
and p = % The horizontal
coordinates of A and B are

0.019 and 0.097 0

Also, the transversality conditions for the nonzero
equilibria hold. That is,

(7))

So, £ Re)\(f/.*) >0, L Re A(t;) < 0. Then we have

the following results on the stability and Hopf bifurca-
tions of the nonzero equilibria of system (2).

-1 \/4a2r22 +b%r3 — 4r1r3b?

2 2
r=ct ry(b*wi +a?)

(14)

Theorem 2.3 Assume that wy and ‘L'/.i are defined by
(9), (10), and (11), respectively. '

(1) The nonzero equilibrium Ey of system (2) is un-
stable for all T > 0.

ai) If T(T <1, , the nonzero equilibria E; and E3
of system (2) are unstable for all T > 0, while
if ra' > 1, , there are positive integers m,
(p =1,2) such that the nonzero equilibria E,
and E3 of system (2) are unstable for
TE [0,‘1,'0_)U(‘EO—F,TI_)U~--U(T+p71,‘E,;p)

m

U (r,jp, +00),
and stable for

7:6(T()_,T(T)U(TI_,T+)U'~-U(T_ rt ),

mp> “mp

p=12,

where p = 1 and p =2 correspond to E> and E3,
respectively.
(iii) System (2) undergoes Hopf bifurcations near the

nonzero equilibria E; i =1,2,3) att = rf.

@ Springer
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3 Direction and stability of Hopf bifurcation

In this section, we apply the method of multiple scales
to the nonlinear systems at the zero equilibrium Ey to
obtain the normal form determining the direction of
the Hopf bifurcation and the stability of the periodic
solutions. This method is useful, for example, in the
analysis of systems near a Hopf bifurcation.
Theorems 2.2 and 2.3 show thatifa > 1 and b > 0

or0<a<1 andbz\/2(1 + /1 —a?)/k system (2)
undergoes Hopf bifurcation near the zero equilibrium
at rf Following the ideas of Nayfeh [23], we derive
the explicit formulaes determining the direction and
stability of these Hopf bifurcations using the method
of multiple scales.

For simplification of notations, we denote the crit-
ical value by 7, and the corresponding purely imagi-
nary roots by +iw.. Before rescaling the time ¢, we
first add some transformations into the system. Casted
into Taylor series truncating the equations at the third-
order terms, system (2) reads:

X=Lx(1) — Rx(t — ) +f[x(1), x(r — 7)], (15)

where

0 1 0 0
Lz[k 0]’ R=|:ak bk:|’
REG) Jo
o=[06) =)

in which

5 k
hy = —<k2 - 6k)ﬁ(:) + <k2 - 5)

x [axt(@)x1c + bxf (x| — (k — Dxi (x5 (1)

www.manaraa.
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and

X1e =x1(f — 1), X2 =x2(t — 7).

Rescaling the time by t — ¢/7, Egs. (15) become:
X=tLx(t) —TRx(t — 1)+ tf[x(t), x(t — 1)]. (16)
The linearizing equation of Eq. (16) is

L,(x) =tLx(t) — TRx(t — 1). (17)

It follows from Lemma 2.1 that at the critical value
7. the characteristic equation of Eq. (17) has a pair
of purely imaginary roots +iw.7. and no other roots

kbw?Ze ¥ — 2k(iwc)(ae ™' — 1)

in the imaginary axis. Theorem 2.3 shows that sys-
tem (16) undergoes the Hopf bifurcation near the zero
equilibrium at T = 7. The properties of Hopf bifurca-
tion at the critical value 7. such as direction and stabil-
ity can be investigated by the so-called normal form.
Employing the method of multiple scales as shown in
[23] (see Appendix B for details), we have the follow-
ing normal form truncated the third order associated
with the Hopf bifurcation at the critical value t.:

dA

where

HU= (= aeiocte) + w2 (bkt2e—1oc% — 1) — akt2(iwe)e— 1@t
and

(iwete){—(Bk? — %) + (K2 — HH)[2e7 1% (a + biw,) + /T (a — biw] — (k — Dw?}
p2 =

k(1 —ae~iocte) + wZ(bkt2e~i@c% — 1) — akt2(iwe)e 1T

It is convenient for analysis to transform the normal
form (18) into polar coordinates. Setting A = ae'?
where @ = «(¢) and 8 = B(¢) then substituting it into
Eq. (18) and separating the real and imaginary parts,
we can obtain the following real-valued normal form
of the bifurcation:

d

d—(: = adRe (u1) + o’ Re (12),

dp 19)
-7 =8Im(u) + a® Im (o).

The equation governing the time variation of 8 af-
fects the speed of the rotation of the unit angular ve-
locity. But the properties of the Hopf bifurcation like
stability and direction is completely determined by
the amplitude equation governing the time variation
of . When the values of the parameters are fixed,
the signs of Re (11) and Re (u2) can be obtained. It
is well known that the generic Hopf bifurcation corre-
sponds to the situation Re (1) # 0, and that the sign
of Re (1) Re (12) determines the direction of the bi-
furcation and the sign of Re (u2) determines the sta-
bility of the nontrivial periodic orbits [25].

Then we have the following results about the direc-

tion and stability of Hopf bifurcations at rf.

Theorem 3.1 For (19), as parameters (a,b, p,T)
vary such that

(i) When Re (1) Re () < 0, then the Hopf bifur-
cation is supercritical type;
(i) When Re (1) Re (u2) > 0, then the Hopf bifur-
cation is subcritical type;
>iii) IfRe (u2) < 0, the nontrivial periodic solution is
stable; If Re (up) > 0, the nontrivial periodic so-
lution is unstable.

4 Numerical simulations

To supplement our theoretical work, we consider par-
ticular examples and compare the predictions obtained
in the previous sections with the numerical simulations
by Matlab.

The previous work showed that for the system of
the inverted pendulum with delayed control the val-
ues of parameters a and b can be marked off to two
parameter regions D1 and Dy. Di:a > 1, b > 0, and

@ Springer
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Fig.4 Re(u) asa
function of control gains a

2.5
and b at p=2/3

Fig.5 Re(up)asa

function of control gains a 23
and b at p =2/3
04
2
é —24
—4

Ds>: 0 <a < 1,b>0. When a and b belong to Dy,
there are three equilibria Eg, E; and E;. When it
comes to D», there are two equilibria £y and E3. In
the following subsections we consider the different re-
gions orderly to perform the numerical computations.

41 Di:a>1,b>0

According to Theorem 3.1, the direction and stabil-
ity of Hopf bifurcations are determined by the signs
of Re(e1)Re(uz) and Re(uy), respectively. We can
see from Fig. 4 that Re(w1) > 0. Thus, the direction
and stability of Hopf bifurcations are completely de-
termined by the sign of Re(u). Figure 5 shows the
effect of the control gains a and b on Re(uy). In the
a — b plane, there are two regions: one corresponds to
Re(uz) < 0, which implies the occurrence of the su-
percritical Hopf bifurcation, and the other corresponds
to Re(uz) < 0, which implies the occurrence of the
subcritical Hopf bifurcation. In the case of supercriti-
cal Hopf bifurcation, there exists a stable periodic orbit
near the zero equilibrium for sufficiently small p© > 0.
In_the case of subcritical Hopf bifurcation, the Hopf

@ Springer

bifurcation occurs for sufficiently small ¢ < 0 and the
bifurcating periodic orbit is unstable. In the following
numerical simulations, we are interested in the super-
critical Hopf bifurcations. Takinga = 1.55, b =1, and
o =2/3, then we have

Ey=(0,0), Ei=(1,0), E, =(4.5722,0).

According to Theorem 2.3, E| is unstable for all
T > 0. For the zero equilibrium Ep, when t =0 Ej
is stable. As t varies, according to Theorem 2.1 the
zero equilibrium E( changes from stability to instabil-
ity due to the Hopf bifurcation at 7 = 1'(;'_ near Ey. By
(10), we have the critical value r(;L =0.5080. Then, in

terms of Figs. 4 and 5, we have

Re(uy) > 0, Re(ur) <0,

which implies that system (2) undergoes a super-
critical Hopf bifurcation at r(;r . When we take t =
047 < ‘L'0+ , the equilibrium is stable, as shown in
Fig. 6. Comparatively, when we take 7 = 0.52 > ‘L'0+ ,
the zero equilibrium is unstable with a stable periodic
solution (Fig. 7). In addition, we make it clear that all
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Fig. 6 When 0.04 0.04
1=047 <7, a=155, } T
b:l,p:%,thereisno i 4
periodic solution 0.02p 52 0.02
bifurcating from E¢ and the
zero equilibrium Ej is 0 Wowaressememnmnananl 0
stable. The initial value is
(0.2,0.05)

-0.02F % -0.02

—0.04f -0.04

0 5 10 15 -0.02 -0.01 0 0.01
t x 10* 0

Fig.7 When

1=052>7,a=155,
b=1,p= % the periodic
solution bifurcating from
E is stable. The initial
value is (0.005, 0.005)

the results above are local. That is, they are available
only for a sufficient small neighborhood of the critical
time delay.

As for the nonzero equilibrium E», it follows from
Egs. (10) and (11) that

+ - — .
= 15169, 75 =0.3967.

According to Theorem 2, there are stability switches
for T > (0. We can calculate more values of the critical
delays rf and find out that

i R
'L’O <'L'0 <'L'1 <'L'1 <'L'2 <'L'2

-t ot _ ot
<‘L'6 <‘l,'6 <'L'7 <‘L'7 <'L'8 <'L'8.

Theorem 2.3 implies that there are 8 switches from
instability to stability back to instability, E; is unstable
for

‘L'E[0,‘L'O_)U(‘EJ—,TI_)U-~-U(‘E6+,‘E7_)U(T7+,+00)1
and stable for

te[ro_,roJ“)U(rl_,tf“)u-uu(t{,t;“).

500 1000 1500 2000
t

So, the nonzero equilibrium E; is unstable for 7 €
[0,7,) and stable for t € (7 1,'(;'_ ). Here, we take
T = 0.396 and t = 0.9 for the numerical simulations
(Fig. 8).

42 Dy:0<a<1,b>0

According to Theorem 2.1, when a and b belong to
D, and for all T > 0, E is unstable.

As for the nonzero equilibrium E3, when we take
the parameters a = 0.2305,b =1, and p = 2/3, for the
nonzero equilibrium E3 (E3 = (3.87,0)), it follows
from Eq. (11):

Ty =2.3221,
1,7 =5.4964,

5 = 1.4272,
T =8.1799.

Hence, To+ > 17, is satisfied and

t0_<ra'<rl+<tl_.

Theorem 2.3 implies that there is only 1 switch from
instability to stability back to instability, the nonzero
equilibrium E3 is stable for T € (7, , r(;r ) (Fig. 9) or

T > r(;r, and unstable for T € [0, 7,7) (Fig. 9).

@ Springer
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Fig. 8 The left figure:

When 7 € [0, 7 ), the 10
equilibrium FE3 is unstable. 5.5
Here, 7 =0.396, a = 1.55,
b=1, p=%. The initial § S
values is (4.2, 0); The right 5
figure: When 7 € [, 7:6*'), <> ol >
the equilibrium FE; is stable. 4
Here, 1 =0.9,a = 1.55,
b=1, p=%. The initial -5 3.5
values is (3.1, 0)

3

“Yos 1 1.05 0 5 10 15
t x 10° t x 10
Fig. 9 The left figure: 4.5
When 7 € [0, 7, ), the
equilibrium FE73 is unstable.
Here, T = 1.37, a = 0.2305, 45
b=1, p= 2. The initial 4
values is (3.82, 0.005); The
right figure: When < 4 et
‘re[ro_,rg'),the 35
equilibrium E3 is stable. '
Here, T = 1.77, a = 0.2305, 3.5
b=1, p= 2. The initial
values is (3.82,0.005) 3
3.5 4 4.5 0 0.5 1 1.5 2 25
t x 10° t x10°

5 Conclusion

In this paper, the model for an inverted pendulum on
a cart with delayed control in the horizontal direc-
tion has been studied. We investigated the stability of
the zero equilibrium together with the nonzero ones.
The a — b parameter plane has been marked off to
different regions through the linear stability analysis.
The results of the stability and Hopf bifurcation anal-
ysis showed that when certain parameter values of a,
b and p are chosen and the time delay t varies the
model achieves stability of the inverted pendulum in
the upright position and also another one or two posi-
tion(s). While in other parameter regions, the robust-
ness induced by the time delay can occur. Even for
the nonzero equilibria E3 and E3, there exist stability
switches from instability to stability back to instabil-
ity at some fixed values as t varies. Using the control
gains a and b, the relative mass of the pendulum p as
the initial systemic parameters and the time delay 7 as
perturbation parameter, we studied the direction of the
Hopf bifurcation and the stability of the periodic solu-
tions of the zero equilibrium Eo applying the method

@ Springer

of multiple scales. The normal form derived reflects
both superecritical or subcritical type of Hopf bifurca-
tion can emerge for certain parameter values.

Our numerical simulations in Sect. 4 are parallel
with the theoretical conclusions for the stability and
Hopf bifurcation induced by the time delay. For certain
parameter values, there is a supercritical Hopf bifur-
cation with stable periodic solutions of the zero equi-
librium Eg. Numerical simulation implied that for the
nonzero equilibrium there are larger amplitude peri-
odic solutions and more complicated dynamics occur.
In fact, except for Hopf bifurcation, there are codi-
mension 2 bifurcations such as double Hopf bifurca-
tions and Hopf-zero singularities in this inverted pen-
dulum system with delayed feedback control, leading
to more complex dynamics. We will leave the investi-
gation of these codimension 2 bifurcations in the fu-
ture.
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Appendix A: Proof for r(;" <7

Since r; = r, =k > 0 for the zero equilibrium, it fol-
lows from (10) and (11) that

L1 b
7y = —arctan| —w4 |,
w4 a

_ 1 (b )
T, = —arctan| —ow_ |.
w— a

Define a function f of x as follows:

1 b
f(x) = —arctan <—x), x>0,
X a

and then we have

Zx — arctan(%x)(l + Z—§x2)

2
x2(1+ 2—2)(2)

fl=

Denote the denominator of the right hand of f’(x) by

b b b,
g(x)=—x—arctan| —x || 1 + —x7 ).
a a a

Then we have

b\ 2b*
2(0)=0, g'(x)=—arctan| —x |—-x <0,
a ) a?

which implies that g(x) < O for x € (0, 00). Thus,
f(x) is a monotone decreasing function on x €
(0, 00). This, together with w4 > w_, means that
+ -

T, <7, -

Appendix B: Derivation of normal form (19)
Let p be the eigenvector of L, corresponding to the
eigenvalue iw. 7., and let q be the normalized eigen-

vector of the adjoint operator of L, corresponding to
the eigenvalue —iw.t. with the inner product

2
(@.p)=Y qipi=1.
i=1

By simple calculations, we have

p=(u.p)".  qa=@q.". (20)
Where
1 . k(ae!®™ — 1)
=1, =1lWc, = - 3
pl p2 C 511 20)% + kb(iwc)elwy‘[c
iwe
q92

" 202 + kb(iwp)el et

We are now in a position to apply the method of
multiple scales to investigate the properties of Hopf
bifurcation at the critical value t.. Because the non-
linearity has no second order terms, we seek a uni-
form second-order approximate solution of Eq. (16) in
power of €!/2. Since the periodic solution of Hopf bi-
furcation is a small amplitude periodic solution near
the zero equilibrium, we assume that a series solution
of Eq. (16) has the following form:

x(t; €) = €'/2x1 (T, T1) + €/ *x2(To, T1) +---, (21)

where Tp = ¢, T} = €t, and € is a nondimensional
book-keeping parameter. Notice that the secular terms
first appear at O (e3/?). So, it is sufficient for the time
scale of the second argument to be taken as the form of
T1 = et. By the chain rule, we would like to introduce
the following differential operator:

d_ % e _pyteD (22)
—=—te—= eD;.
dt dTy aT) 0 !

In terms of the scales Ty and 77, with the expansion for
small € the delayed variable x(# — 1) can be expressed
as

x(t — 1;€) = 2% (To — 1, T1) + €/ *x0(To — 1, Ty)
—2tDixi(To— 1, T+ . (23)

Next, we introduce the detuning parameter § to de-
scribe the nearness of t to the critical value 7. defined
by

T=1,+€6. 24)

Substituting Egs. (21)—(24) into Eq. (16) leads to the
following perturbation equations, written up to the
€3/2 order:

€2 Doxi(To, Tv) — Ltox1(To, Tr)

+ Rtex1(To—1,T1) =0, (25)

@ Springer
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%1 Doxo(Ty, Ty) — Ltexo(To, Th)
+ Rtex2(To — 1, Th)
= —Dix1(To, T1) + 8Lx1(To, T1)
+ T2RD X (Tp — 1, T})
—0Rx1(Ty — 1, T1)
+ tf[x1 (1), x1 (t — D)]. (26)

Equation (25) is the linear homogeneous equation and
has a pair of simple imaginary roots iw.t. and all
other eigenvalues have negative real parts. The general
solution is therefore given by

x1(Ty, T1) = A(Ty)pe ™10 + A(Ty)pe "% (27)

where the vector is defined by (20).
Due to the characteristic equation, we can obtain
that w. and 7, satisfy the equation

w2 + k= kb(iwe)e™ T 4 kae ™% (28)
Substituting (27) into Eq. (26) yields

Dox2(To, T1) — Ltexo(To, Th) + Rrexo(Tp — 1, T1)
= {[—I + rcz Re_i“’"'ff']pA/
+ [SL — SRe_iwz:TC']pA + ch*A2A}€iwCTCTO

+ c.c + NST, 29)
where
0
f;——[hz}- (30)
In which

5k k
hy = —(3k* — = K> — =
: ( 2>+< 2)

x [2e71% (a + bpy) + €' (a + b)) ]
— (k= D(2p2p2 + P3).

where c.c and NST stand for the complex conjugate
of the preceding terms and terms that do not produce
secular terms.

Equation (29) is the linear nonhomogeneous equa-
tion for x,. We seek its particular solution in the form

Xo(Ty, T).= ¢ (T)e' e To. 31

@ Springer

Substituting Eq. (31) into Eq. (29) and deleting /@70,
we have

[iwetel — TeL + 1R ]
=[—1+t2Re™ "™ ]pA’ + [SL — §Re '™ |pA
+ ‘L’Cf*AZA, (32)

where [ is the 3 x 3 identity matrix.

It is clear that det(L; — iw.t.1) = 0 since iw,T,
is the eigenvalue of L.. So, we have a slight problem
solving Eq. (32). This difficulty is easy to overcome
following the idea of Kuznetsov [24]. In fact, let T
be the real eigenspace corresponding to all eigenval-
ues of L; other than iw.t.. We have that y € T*" if
and only if < q, y >= 0. From [24], the restriction of
the linear formation corresponding to (L —iw.7.I) to
its invariant subspace 7" is invertible. That is to say
if the right-hand side of Eq. (32) belongs to invariant
subspace 7% and then Eq. (32) has a unique solution
¢ € T*" by solving so-called bordered system. Thus,
the nonhomogeneous Eq. (32) has solutions provided
that the right-hand side of Eq. (32) be orthogonal to ev-
ery solution of the adjoint homogeneous problem. Let-
ting the inner product of the right-hand side of Eq. (32)
with q be zero yields the solvability condition (18).

References

1. Eltohamy, K.G., Kuo, C.Y.: Real time stabilisation of a
triple link inverted pendulum using single control input.
IEE Proc., Control Theory Appl. 144(5), 498-504 (1997)

2. Bugeja, M.: Nonlinear Swing-up and Stabilizing Control
of an Inverted Pendulum System vol. 2, pp. 437-441. IEEE
Press, New York (2003)

3. Medrano-Creda, G.A.: Robust computer control of an in-
verted pendulum. IEEE Control Syst. Mag. 19(3), 58-67
(1999)

4. Van der Linden, G.W., Lambrechts, PF.: H,, control of
an experimental inverted pendulum with dry friction. IEEE
Control Syst. Mag. 13(4), 44-50 (1993)

5. Yoshida, K.: Swing-up control of an inverted pendulum by
energybased methods. In: Proceedings of the 1999 Ameri-
can Control Conference, vol. 6, pp. 4045-4047 (1999)

6. Enikov, E., Stépdn, G.: Stabilizing an inverted pendulum-
alternatives and limitations. Mech. Eng. 38, 19-26 (1994)

7. Wollacott, M.H., von Hosten, C., Résblad, B.: Relation be-
tween muscle response onset and body segmental move-
ments during postural perturbations in humans. Exp. Brain
Res. 72, 593-604 (1998)

8. Campell, S.A., Crawford, S., Morris, K.A.: Time delay
and feedback control of an inverted pendulum with stick
slip friction. In: 6th International Conference on Multibody
Systems, Nonlinear Dynamics and Control, vol. 5, pp. 749—
756 (2007)

www.manaraa.



Stability and Hopf bifurcation in an inverted pendulum with delayed feedback control 749

9.

11.

12.

14.

15.

16.

Sieber, J., Krauskopf, B.: Bifurcation analysis of an in-
verted pendulum with delayed feedback control near a
triple-zero eigenvalue singularity. Nonlinearity 17(1), 88—
104 (2004)

Sieber, J., Krauskopf, B.: Complex balancing motions of
an inverted pendulum subject to delayed feedback control.
Physica D 197, 332-345 (2004)

Ibrahim, R.: Excitation-induced stability and phase transi-
tion. J. Vib. Control 12(10), 1093-1170 (2006)

Kolla, L.E., Stépan, G., Hogan, S.: Sampling delay and
backlash in the balancing systems. Mech. Eng. 44, 77-84
(2000)

. Kollar, L.E., Stépan, G.: Digital controlling of piecewise

linear systems. Digital controlling of piecewise linear sys-
tems. In: Proceedings of the 2nd International Conference
on Control of Oscillations and Chaos (Cat. No. 00TH8521).
IEEE, vol. 2, pp. 327-330 (2000)

Stépan, G., Koll4, L.E.: Balancing with reflex delay. Math.
Comput. Model. 31, 199-205 (2000)

Atay, FM.: Balancing the inverted pendulum using position
feedback. Appl. Math. Lett. 12, 51-56 (1999)

Landry, M., Campbell, S.A., Morris, K., Aguilar, C.O.:
Dynamics of an inverted pendulum with delayed feedback
control. SIAM J. Appl. Dyn. Syst. 4, 333-351 (2005)

17.

19.

20.

21.

22.

23.

24.

25.

Milton, J., Cabrera, J.L., Ohira, T., Tajima, S., Tonosaki, S.,
Christian, W.E., Campbell, S.A.: The time-delayed inverted
pendulum: implications for human balance control. Chaos
19, 026110 (2009)

. Campbell, S.A., Crawford, S., Morris, K.: Friction and the

inverted stabilization problem. SIAM J. Appl. Dyn. Syst.
130, 054502 (2008)

Cabrera, J.L., Milton, J.G.: On—Off intermittency in a hu-
man balancing task. Phys. Rev. Lett. 89, 158702 (2002)
Sieber, J., Krauskopf, B.: Extending the permissible con-
trol loop latency for the controlled inverted pendulum. Dyn.
Syst. 20, 189-199 (2005)

Dieudonné, J.: Foundations of Modern Analysis. Academic
Press, New York (1960)

Hale, J.K., Lunel, S.M.V.: Introduction to Functional Dif-
ferential Equations. Springer, New York (1993)

Nayfeh, A.H.: Order reduction of retarded nonlinear
systems-the method of multiple scales versus center-
manifold reduction. Nonlinear Dyn. 51, 482-500 (2008)
Kuznetsov, Y.A.: Elements of Applied Bifurcation Theory.
Springer, Berlin (1998)

Chow, S.N., Hale, J.K.: Methods of Bifurcation Theory.
Springer, New York (1982)

@ Springer

www.manaraa.



Reproduced with permission of copyright owner. Further reproduction
prohibited without permission.

www.manaraa.

Ol LA ZIJI_F.LI



	Stability and Hopf bifurcation in an inverted pendulum with delayed feedback control
	Abstract
	Introduction
	Stability and Hopf bifurcation induced by delay
	Direction and stability of Hopf bifurcation
	Numerical simulations
	D1: a>1, b>0
	D2: 0<a<1, b>0

	Conclusion
	Acknowledgements
	Appendix A: Proof for tau0+<tau0-
	Appendix B: Derivation of normal form (19)
	References


